The rheological and mechanical performance of cement paste is closely related to its packing density, which may be optimized by improving the particle size distribution in the paste mix. In this study, the authors propose modifications to the existing mathematical equations of particle size distribution. The new equation of optimal particle size distribution so formulated is verified experimentally. A series of cement paste having different water/cementitious materials (W/CM) ratios were produced by blending ordinary Portland cement (OPC) with varying contents of superfine cement (SFC). The particle size distributions of the blended paste mixes were compared with the proposed equation. The packing density of paste mixes was measured using the wet packing test method, and the flowability, rheological properties, and compressive strength of the paste mixes were tested. It is found, that the particle size distribution in cement paste can be improved by blending with SFC, which can lead to enhancement in packing density, flowability, rheology and strength. The authors opine that the proposed equation of particle size distribution may be applied for mix design optimization of cementitious paste, including cementitious grout and the paste phase in mortar and concrete.
Introduction
Theoretically, the packing density could be optimized by improving the particle size distribution in the paste mix. An optimal particle size distribution should be a continuous one such that the finer particles could fill into the voids between larger particles and reduce the overall volume of voids. This concept has been incorporated in devising mathematical equations of ideal particle size distributions for packing of aggregates for mortar and concrete (Andreasen and Andersen 1930, Furnas 1931) . However, there has been a lack of well-proven particle size distribution model that could cater for the powder phase, which may be classified as finer than 75 μm in size. In fact, there is a common misunderstanding that the fines portion (which may be taken as in the size range of powder) in fine aggregate is always unfavourable to the quality of aggregate and hence the quality of mortar and concrete. In actual fact, the presence of appropriate proportions of fines can be beneficial to optimizing the packing density of fine aggregates (Kwan et al. 2014) . Moreover, to improve the packing density of paste, the role of powders should be duly considered in the particle size distribution model.
As opposed to the continuous particle size distribution, in conventional cement concrete, the solid ingredients including cement grain, fine aggregate and coarse aggregate are not continuously graded. There are gaps in the size ranges of roughly 50 to 500 μm (lying between cement and fine aggregate) and smaller than 5 μm (finer than cement) (Chen 2012) . These gaps may be filled by fillers of appropriate sizes. In connection to this, experimental investigations have demonstrated the positive role of fillers (including fines as part of fillers) in mortar and concrete . For conventional cement paste, there exists a gap in the size range of roughly 5 μm and below, which may be filled by appropriate fillers for improved particle size distributions in the paste. However, as pointed out in the above, due to a lack of established particle size distribution model to cater for the powder phase, the optimization of packing density of cementitious paste mix is usually performed by trial and error.
To enable optimizing the packing density of cementitious paste by a scientific approach, a new equation of optimal particle size distribution is developed herein. The equation is verified by an experimental programme encompassing a series of cementitious paste produced by blending ordinary Portland cement (OPC) and superfine cement (SFC) in different proportions. Details of the mathematical formulations and experimental investigations are reported hereunder.
The strategy of optimizing the particle size distribution to achieve maximum packing density had been adopted in the past for mortar and ceramic production. A number of ideal particle size distribution equations had been proposed. Early in the 30's in last century, Andreasen and Andersen (1930) put forward the below equation of ideal particle size distribution:
Optimization of Particle Size Distribution
where CPFT is the "cumulative percentage finer than", D is the particle size, D L is the largest particle size, and m is a distribution index or distribution mod-
ulus. Equation (1) is commonly referred to as Andreasen's equation. It was validated experimentally by Andreasen and Andersen (1930) , who suggested that the value of m should be between 0.33 and 0.50 for maximum packing density. By plotting CPFT against D with both axes drawn in logarithmic scale, the Andreasen's equation is represented by a straight line in the log-log plot.
where D S is the smallest particle size, r is a distribution coefficient, and other symbols have the same meaning as in Equation (1).
(2) Furnas (1931) and Anderegg (1931) investigated the packing of aggregates for mortar, and revised the mathematical formulation with consideration of the influence of smallest particle size on the particle size distribution. The ideal particle size distribution proposed by Furnas (1931) Funk and Dinger (1994) modified Andreasen's equation for applications in ceramic manufacturing. They advocated the strategy of predictive process control to maximize packing density by following the optimal particle size distribution (Dinger and Funk 1992 , 1996 , 1997 , Dinger 2001 , 2002 . For this purpose, the below equation was proposed (Funk and Dinger 1994) : (3) Equation (3) is often referred to as modified Andreasen's equation. By means of numerical simulation, Funk and Dinger (1994) claimed that if the particles follow a continuous grading until down to an infinitely small particle size, then 100% packing
density (or 0% porosity) can be achieved when the distribution modulus m is smaller than or equal to 0.37. However, it is impossible to have infinitely small particles in reality. The role of smallest particle size D S should be duly considered in the particle size distribution model. In this regard, the influence of D S was ignored in Andreasen's equation but it was taken into account by Furnas (1931) and Funk and Dinger (1994) .
Equations (1) to (3) above follow the principle of geometric similarity. In other words, if all the particles are enlarged or shrunk by the same ratio, the resulting packing density would remain unchanged. Besides, it can be shown mathematically that Equation (2) and Equation (3) are equivalent with the only difference of a constant of proportionality. In particular, if m is taken as ln(r), or r is taken as e m , both equations would become identical.
Among various particle size distribution models, the modified Andreasen's equation has been applied to the production control of high-performance concrete (HPC) and yielded interim success (Zheng and Kwan 2006) . In contrast to concrete and mortar, the aggregate phase is omitted in paste, while the powder phase in blended paste mixes exerts substantial influence on the packing of solids. As such, alterations to the particle size distribution model would be necessitated. Herein, the authors propose modifications to the existing mathematical equations. The new equation is given by Equation (4), in which p and q are modified distribution moduli, ζ is a dimensionless parameter as defined in Equation (5), and other symbols have the same meaning as previously defined.
The proposed equation of optimal particle size distribution is experimentally verified with cementitious paste mixes produced from blending varying contents of ordinary Portland cement (OPC) and superfine cement (SFC). The experimental programme is described below. The OPC was of strength class 52.5N complying with European Standard EN 197-1: 2011. The SFC was produced in France and it contained 80% slag. The solid densities of the OPC and SFC were measured to be 3112 kg/m 3 and 2940 kg/m 3 , respectively. With the use of laser diffraction particle size analyzer, the particle size distributions of OPC and SFC were measured as plotted in Fig. 1 . Based on the particle size distributions so obtained, the mean particle sizes of OPC and SFC were evaluated respectively to be 12.4 μm and 3.1 μm, whereas their specific surface areas were evaluated respectively to be 1.014×10
6 m 2 /m 3 (equivalent to 326 m 2 /kg) and 2.293×10 6 m 2 /m 3 (equivalent to 780 m 2 /kg).
A polycarboxylate ether-based superplasticizer (SP) was added to the paste mixes for better dispersion of the cement. The SP was in aqueous solution state with solid mass content of 20% and
Verification relative density of 1.03. In view of the large specific surface area of SFC, the saturation dosage of SP (which is a surface reactant) was more appropriately expressed in term of liquid mass per solid surface area of cementitious materials (kg/m 2 ). From previous studies, the saturation dosage of SP was found to be 26×10 -6 kg/ m 2 (Kwan et al. 2012) , this dosage was adopted for
Fig. 1
Particle size distributions of OPC and SFC (6) all cementitious paste mixes. It should be noted that if the dosage is converted to mass of SP per mass of cementitious materials, it would increase with the SFC content due to the high fineness of SFC relative to OPC.
In the following, the particle size distributions and packing densities of blended cementitious paste mixes are studied. The mixes were assigned the labels PD-0, PD-10, PD-20 and PD-30 with the SFC content varied amongst 0%, 10%, 20% and 30% by mass of the total cementitious materials, respectively. To determine the particle size distribution of the cementitious paste, the SFC content by mass needs to be converted to SFC content by volume using the below equation:
In Equation (6), the subscript CM stands for cementitious materials (i.e. OPC together with SFC in this context), (V SFC /V CM ) is the SFC content by volume, (M SFC /M CM ) is the SFC content by mass, ρ SFC is the solid density of SFC, and ρ OPC is the solid density of OPC.
With the SFC content by volume evaluated, the particle size distribution curves of PD-0, PD-10, PD-20 and PD-30 are determined as depicted in Fig. 2 . The value of D S in Equations (4) and (5) is taken as the size where no more than 2.0% of the particles by volume were finer, and it is found to be 1.0 μm. The value of D L in Equations (4) and (5) is taken as the size where no less than 98.0% of the particles by volume were coarser, and it is found to be 36.2 μm. By numerical optimization, setting q = -p = 0.16 for the modified distribution moduli could best resemble the geometrical shape of particle size distribution curves of the blended cementitious paste. Correspondingly, the variation of CPFT with particle size D is evaluated as plotted in Fig. 2 , and this represents the optimal particle size distribution.
From Fig. 2 , it can be observed, that the particle size distribution of mix PD-0 (cement paste) does not resemble the curve of optimal particle size distribution. By blending with SFC, the particle size distributions of PD-10 and PD-20 are close to the optimal curve, this indicates the desirable effect of SFC in improving the particle size distribution. However, when the SFC content is further increased, the particle size distribution of PD-30 becomes dissimilar to the optimal curve. It is because the SFC content of 30% is excessive.
For ease of visualizing the effect of values of p on the shape of particle size distribution curve, In general, the smaller is the value of p, the higher is the curve of CPFT. In other words, a smaller value of modified distribution modulus indicates higher content of finer particles and vice versa. In contrast, from previous studies on production of HPC (Zheng and Kwan 2006) , it had been concluded that for HPC mixes with desirable flowability and strength performance, the values of distribution modulus m were within the range from 0.22 to 0.26 in the modified Andreasen's equation (Funk and Dinger 1994) . The CPFT calculated per Equation (3) The packing densities of cementitious paste mixes were measured using the wet packing test method. The procedures of wet packing test have been outlined in Wong et al. (2007) and Wong and Kwan (2008a) . The principle behind the wet packing test is briefly explained as follows. The solid concentration ϕ refers to the ratio of solid volume of cementitious materials V CM to the bulk volume of paste mix V, i.e.:
Fig. 3
Particle size distribution curves per modified Andreasen's equation and proposed model
The voids content ε is defined as the ratio of volume of voids to the bulk volume of paste mix, and the voids ratio u is defined as the ratio
ε ε − = 1 u of volume of voids to the solid volume of cementitious materials. Therefore, The subjects of Equations (7) to (9) are inter-related by the following equation:
(10)
For a paste mix with a given proportioning of cementitious materials, ϕ and u are dependent on the W/CM ratio. Generally, as the W/CM ratio increases from an inadequately low value, ϕ increases with water content until attaining the maximum, and then decreases with further increasing water content. The maximum solid concentration ϕ max corresponds to the minimum voids ratio u min .
For ease of reference, the paste mixes for packing density measurement are assigned mix numbers in the form of PD-(SFC content). For each of the mixes PD-0, PD-10, PD-20 and PD-30 as given in Table 1 , multiple samples of cementitious materials in the same proportioning were each mixed with water at varying W/CM ratio and with the same dosage of SP. The bulk density of each sample was measured and the maximum solid concentration ϕ max amongst the samples was determined as the packing density. Table 1 lists the packing density and voids ratio results. Comparing the paste mixes with and without SFC, the positive effects of blending with SFC as demonstrated by the increase in packing density and reduction in voids ratio are apparent. However, when the SFC content increased from 20% to 30%, the packing density decreased slightly and the voids ratio increased slightly. Using the mix PD-0 as the baseline of comparison, the maximum increase in packing density was 6.6% at SFC content of 20%, and the corresponding reduction in voids ratio was 17.0%.
In the next step, the flow spread, flow rate, rheological properties and cube strength of cementitious paste mixes with various SFC contents and W/CM ratios were evaluated. This is for the purpose of verifying the positive effects of improved particle size distribution on the performance of cementitious paste. As shown earlier, the particle size distribution and packing density of cementitious paste blended with 30% SFC are not desirable. Hence, such a high SFC content was not adopted. In the remaining investigations of flowability, rheology and strength, the SFC content by mass was varied among 0, 10% and 20%. The W/CM ratio by mass was varied from 0.18 to 0.30 in increments of 0.02. For ease of reference, each of the cementitious paste mixes is assigned a number in the form of CP-(SFC content)-(W/CM ratio).
Due to the high fineness of SFC, during mixing with water, the cementitious materials would tend to form water-bound granules with dry surfaces rather than coalesced to become a thick paste, even if the mixing time is reasonably prolonged. To facilitate thorough mixing of the ingredients, a special mixing sequence such that the cementitious materials and SP were divided into several portions, which were added one at a time to the water in the mixing bowl and mixed to form a slurry (Wong and Kwan 2008a) , was required.
The flow spread represents the static flowability of cementitious paste, and it was measured with the mini slump cone test. Details of the mini slump cone have been described in Okamura and Ouchi (2003) . The flow rate represents the dynamic flowability of cementitious paste, and it was measured with the Marsh cone test as specified in European Standard EN 445: 2007. The rheological properties were obtained using a shear rate-controlled rheometer (Fig. 4) torque through the spindle to shear the paste sample. The shearing sequence was applied in two cycles: the first shearing cycle (pre-shearing cycle) for ensuring each paste sample had undergone the same shearing history before measurement; and the second shearing cycle (data-logging cycle) for actual measurement and recording by a data-logger (Wong and Kwan 2008b) . During each shearing cycle, the shear rate was increased from 0 to 50 s -1 in 75 sec, and then decreased to 0 s -1 in another 75 sec. Two shear stress (τ) versus shear rate (γ) curves, one at increasing shear rate and the other at decreasing shear rate, could be obtained. The latter τ-γ curve, which was generally more consistent and repeatable, was used for evaluating the rheological properties of the paste sample. Finally, the compressive strength was obtained from cube crushing test with 70.7 mm cubes based on averaged results of 3 cubes.
Fig. 4
Rheometer employed in study
The flow spread and flow rate results are summarized in Table 2 . The flow spread is plotted against the W/CM ratio in Fig. 5 , from which it can be seen that by blending with SFC in the paste mixes, the flow spread-W/CM curve was shifted upwards and to the left. In other words, the flow spread is increased at the same W/CM ratio, and for the same flow spread performance a lower W/CM can be adopted to achieve higher strength and denser microstructure. Besides, it is observed that when the W/CM ratio is lower than 0.24, the flow spread-W/CM curve for 20% SFC content lies above the curve for 10% SFC, indicating better flowability of paste samples with 20% SFC. Nevertheless, the two curves intersect at W/CM ratio of around 0.24 and at higher W/CM ratios, the flow spread of paste samples with 10% SFC was marginally larger than that of paste samples with 20% SFC.
The results of flow rate demonstrate similar trend to the flow spread. With addition of SFC, a higher flow rate than cement paste without SFC could be obtained. Moreover, blending with 20% SFC is more beneficial than blending with 10% SFC when the W/CM ratio is lower than 0.26. NevRheological and Mechanical Performance of Paste Flow spread versus W/ CM ratio ertheless, when the W/CM ratio is at 0.26 or higher, the flow rates of paste samples with SFC contents of 10% and 20% are similar. At W/ CM ratio equal to 0.30, the flow rate of paste sample with 10% SFC is higher than that of paste sample with 20% SFC. The flow rate is plotted against the flow spread in Fig. 6 . It is obvious that the flow spread and flow rate are highly correlated, regardless of the SFC content. Therefore, it can be concluded that the static flowability and dynamic flowability of From the rheometer testing, the shear stress-shear rate curve obtained may be described in terms of an appropriate rheological model, such as the commonly used Bingham model (Bingham 1916 ) and Herschel-Bulkley model (Herschel and Bulkley 1926) . The Bingham model is given by the following equation:
Fig. 6
Flow rate versus flow spread where K (Pa·s n ) is the consistency index, n (dimensionless) is the flow index, and other symbols have the same meaning as defined in Equation (11). It was found that the Her-schel-Bulkley model agreed better with the experimental results and it was therefore adopted in evaluating the rheological properties of cementitious paste mixes. For each paste sample, the best-fit curve that accorded with Equation (12) . The n-value of the best-fit curve represents the degree of shear thickening of the cementitious paste: if n < 1, it implies shear thinning, whereas if n > 1, it implies shear thickening. The values of τ y , μ a and n for the paste mixes are summarized in Table 2 .
From the tabulated results, it can be seen that in general, τ y and μ a decreased with increasing W/CM, and n increased with increasing W/CM. The effects of 10% SFC content on τ y and μ a are not very pronounced, while at 20% SFC content, both τ y and μ a were increased. A higher SFC content caused n to decrease (i.e. the degree of shear thickening was reduced) when the W/ CM ratio was lower than 0.28, while the effect of SFC content on n was insignificant when the W/CM ratio was higher than 0.28. On the other hand, the rheological properties are more related to the flow rate (which represents the dynamic flowability) of paste mixes, as shown below.
In Fig. 7 to Fig. 9 , the τ y , μ a and n values are respectively plotted Flow index versus flow rate against the flow rate. It can be seen in Fig. 7 that τ y generally decreased with increasing flow rate. The yield stress-flow rate curves for paste with 0% and 10% SFC contents intersect at a number of points, while the curve for paste with 20% SFC content was shifted upwards, indicating a higher τ y at the same level of flow rate. Similar observations are noted in Fig. 8 , where μ a generally decreased with increasing flow rate. The apparent viscosity-flow rate curves for paste with 0% and 10%
Fig. 10
Compressive strength versus W/CM
Fig. 11
Compressive strength versus flow spread SFC contents overlap at a number of portions, while the curve for paste with 20% SFC content was shifted upwards, indicating a higher μ a at the same flow rate. In Fig. 9 , it can be seen that the flow index-flow rate curves were shifted downwards as the SFC content increased from 0% through 10% to 20%, indicating a smaller degree of shear thickening at the same level of flow rate.
The results of 7-day and 28-day cube compressive strength and the ratio of 28-day strength to 7-day strength are summarized in Table 2 . The maximum 28-day compressive strength achieved by cement paste without SFC was 119.4 MPa, while that achieved by paste with 10% and 20% SFC contents was respectively 124.8 MPa and 137.7 MPa. The 28-day strength is plotted against the W/CM and against the flow spread in Fig. 10 and Fig. 11 , respectively. It is evident from Fig. 10 that there existed a certain optimum W/CM ratio for maximum cube strength. When the W/CM ratio was lower than the optimum value, the strength increased with the W/CM ratio, whilst when the W/CM ratio was higher than the optimum value, the strength decreased with increasing W/CM ratio. Moreover, it is observed that the optimum W/ CM ratio decreased at higher SFC content. Therefore, blending with SFC would allow the adoption of a lower W/CM ratio to achieve higher strength.
Refer to Fig. 11 , the concurrent strength-flowability performance of cementitious paste is inspected. Similar to the W/CM ratio, there is also certain optimum value of flow spread for maximum cube strength. As the SFC content increased from 0% through 10% to 20%, the strength-flowability performance curve was shifted upwards and to the right. This means by blending with SFC, both the strength and flowability of the cementitious paste can be increased simultaneously. The positive effects of SFC on concurrent strength-flowability performance would be attributed to the improvement of particle size distribution in the paste mix.
The ratio of 28-day strength to 7-day strength is plotted against the flow spread in Fig. 12 . Amongst all mixes, the ratio ranged from 1.02 to 1.15. In other words, at the age of 7 days, the paste mixes developed 87% to 99% of the 28-day strength. The curves in Fig. 12 manifested a downward-shifting trend as the SFC content increased from 0% through 10% to 20%. This may be explained by the larger specific surface area of SFC to facilitate chemical reactions and enhance early-age strength development.
The above experimental results demonstrated the beneficial effects of blending with SFC on the packing density, rheological and mechanical properties of cementitious paste. Overall, in terms of packing density, flowability and strength, the paste samples blended with 20% SFC would outperform paste samples blended with 10% SFC, except the flow spread and flow rate of paste samples with 10% SFC at relatively high W/CM ratio were larger than or similar to
Fig. 12
Ratio of 28-day strength to7-day strength versus flow spread those of paste samples with 20% SFC. In terms of yield stress and apparent viscosity, the paste samples blended with 10% SFC would be lower than those of paste samples with 20% SFC. The yield stress and viscosity should not be excessive and their desired ranges would be dependent on applications. For example, to achieve self-levelling property for high-flowability mortar, accessibility to far-reaching corners and passing ability through obstructions for self-consolidating concrete, and penetrability into gaps and fissures for cementitious grout, the yield stress and viscosity should be limited. The beneficial effects of blending with SFC would be due to the improvement in particle size distribution, which becomes closer to the proposed optimal curve. Further experimental verifications with additional paste mixes containing various types of supplementary cementitious materials and fillers are necessary, in order to confirm the accuracy and universal applicability of the equation of optimal particle size distribution. Moreover, further research is needed to generalise the proposed equation to aid the mix design of mortar and concrete.
The existing mathematical models of ideal particle size distribution, which originated from aggregates for mortar and have been applied to mortar and concrete production, did not cater for the powder phase and hence is not directly applicable to cementitious paste mixes where the powder phase plays an important role while the aggregate phase is absent. Modifications to the existing equations are necessary. A new equation of optimal particle size distribution has been developed in this paper. The proposed equation has been verified experimentally based on cementitious paste mixes produced by blending superfine cement (SFC) with ordinary Portland cement (OPC). The particle size distribution of cementitious paste blended with SFC was shown to be closer to the optimal particle size distribution. The wet packing density, flowability, rheology and strength performance of the cementitious paste mixes were measured. Experimental results have demonstrated improvement in properties by blending with SFC, which rendered the particle size distribution in cementitious paste closer to the optimal. Subject to further investigations to confirm its accuracy, the authors advocate utilization of the proposed equation of optimal particle size distribution for mix design optimization of cementitious paste, including cementitious grout and the paste phase in mortar and concrete. Further research is needed to generalise the proposed equation to aid the mix design of mortar and concrete.
Conclusions
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